We study a certain class of simple abelian varieties of type IV (in Albert's classification) over number fields with Mumford-Tate groups of type A. In particular, we show that such abelian varieties have ordinary reduction away from a set of places of Dirichlet density zero, thus confirming a special case of a broader conjecture of Serre's. We also study the splitting types and Newton polygons of the reductions of the abelian varieties of this type with small dimension (nine).
Introduction
For an absolutely simple abelian variety A over a number field F , it is natural to study the reduction A v at each place v of good reduction. In particular, two questions of significant interest are: 1. to determine the splitting of A v into simple abelian varieties up to isogeny 2. to determine the Newton polygon of A v .
The following well known conjectures suggest that, after passing to a suitable finite extension, such an abelian variety has iso-simple and ordinary reduction at a set of places of density one. Conjecture 1. ( [MP08] , [Zyw14] ) Let X be an absolutely simple abelian variety over a number field F . After replacing F by a finite extension if necessary, there exists a density one set of places such that the reduction X v is isogenous to the d-th power of a simple abelian variety where d 2 is the dimension of the division algebra End 0 Q (X) over its center.
Conjecture 2. ([Pin98
) Let X be an absolutely simple abelian variety over a number field F . After replacing F by a finite extension if necessary, there exists a density one set of places such that the reduction X v is ordinary.
In this article, we study a certain class of abelian varieties that are of type IV in Albert's classification and have Mumford-Tate groups (and l-adic monodromy groups) of small rank and of type A. In particular, we verify Conjecture 2 for this class of abelian varieties, relying heavily on the techniques of [Pin98] . The following theorem is the main result of this article. Theorem 1.1. Let A be an abelian variety of type IV(1, d, ∧ r (Std)) over a number field. If the l-adic monodromy groups G A,l are connected, then A has ordinary reduction at a set of places of Dirichlet density one.
The notation in the statement of the theorem is explained in Definition 1.1.
Notations and Terminology
For an abelian variety A over a number field and a prime l, the l-adic monodromy subgroup G A,l is the Zariski closure of the image of ρ l : Gal F −→ GL(V l (A)) and G 0 l (A) is the connected component of the identity. The image ρ l (Gal F ) is a compact l-adic analytic subgroup of G l (Q l ) which is of finite index in G l (Q l ) ( [Bog80] ). We denote the Zariski closure of ρ l (Gal F ) in GL(T l (A)) by G l . It is a group scheme over Z l with generic fiber G l .
For a finite place v of F with char(v) = p, the Zariski closure of the image ρ p (D v ) of a decomposition group D v ⊆ Gal F under the map ρ p : Gal F −→ GL(V p (A)) is denoted by H v (A).
Let g be the dimension of A. The Betti cohomology group V (A) = H 1 (A(C), Q) is a 2g-dimensional vector space over Q endowed with a decomposition V (A) ⊗ Q C = V 1,0 ⊕ V 0,1 such that V 1,0 = V 0,1 . Let µ ∞ : G m,C −→ GL 2g,C be the cocharacter through which any z ∈ C * acts by multiplication by z on V 1,0 and trivially on V 0,1 . The Mumford-Tate group MT A is the unique smallest Q-algebraic subgroup of GL 2g,Q such that µ ∞ factors through MT A × Q C.
The following long-standing conjecture suggests an intrinsic relation between the two notions:
Conjecture. (Mumford-Tate) For an abelian variety A over a number field and a prime l, MT A × Q Q l = G 0 l (A).
Some background
For an abelian variety A over field F of characteristic zero, we denote by End 0 (A) the endomorphism algebra End Q (A) ⊗ Z Q. According to Albert's classification, a simple abelian variety A of dimension g has one of the following possibilities for its endomorphism algebra: Type I: End 0 (A) is a totally real field of degree e such that e|g.
Type II: End 0 (A) is a totally indefinite quaternion algebra over a totally real field of degree e with 2e|g. Type III: End 0 (A) is a totally definite quaternion algebra over a totally real field of degree e with 2e|g. Type IV: D := End 0 (A) is a central division algebra of dimension d 2 over a CM field K of degree 2e with ed 2 |2g and is equipped with an involution * of the second kind.
In this article, we will be studying a certain class of abelian varieties of type IV whose Mumford-Tate groups are of type A. Note that if A is such an abelian variety of dimension g and D its endomorphism algebra, the Hasse invariants of D are such that for any place v of K, inv v (D) + inv v (D) = 0.
Abelian varieties of type IV such that D = K have been studied in [Chi92] . Our focus will be a certain class for which D is non-commutative, which seems to be a relatively less explored class of abelian varieties for questions of this type.
We now state a few fundamental theorems we shall need repeatedly in this article. For an abelian variety over A over a number field F , we define the field
This is the minimum extension of F such that the l-adic monodromy groups are connected and is a number field Galois over Q ([LP95]).
Theorem 1.2. (Faltings) Let X be an abelian variety over a number field F such that F conn A = F . Then we have the following:
So, for an abelian variety A with End 0 (A) of dimension d 2 over its center, then the l-adic representation V l (A) is the d-th power of an absolutely simple representation.
The following theorems of Deligne and Serre give one of the inclusions for the Mumford-Tate conjecture and reduce it to the equalities of the ranks of MT A and G A,l .
Theorem 1.4. (Serre) For any abelian variety A, the l-adic monodromy groups G A,l are all of the same rank.
Henceforth, we shall refer to this common rank as the rank of the abelian variety. Deligne's theorem on the first inclusion combined with Serre's rank independence theorem show that the Mumford-Tate conjecture reduces to the rank of the abelian variety being equal to the rank of the Mumford-Tate group. More precisely:
is an equality for any prime p, the Mumford-Tate conjecture is true for A.
Strict Compatibility. The l-adic representations attached to an abelian variety are strictly compatible in the sense of Serre. A proof may be found in [Del74]. Theorem 1.6.
[Del74] For an abelian variety A, fix a finite set S of non-archimedean places such that A has good reduction outside S. Let v / ∈ S, l = char(k v ) 1. ρ l is unramified at v 2. The characteristic polynomial of ρ l (Fr v ) has coefficients in Z and is independent of l.
Notations: An immediate consequence is that the eigenvalues are in Z and are independent of l. We denote this polynomial by P Av (X) ∈ Z[X], its zeros by W Av and the multiplicative group they generate by Φ Av . The group Φ Av is abelian with rank Φ Av ≤ rank A. Furthermore, if the field is enlarged to ensure that the l-adic monodromy groups are connected, this inequality is an equality for a set of places of Dirichlet density one ([LP95]). Theorem 1.7. [Pin98] Each simple factor of the root system of G 0 l has type A, B, C or D and its highest weights in the tautological representation are minuscule.
(A minuscule representation is a representation such that the Weyl group acts transitively on the set of weights).
In particular, if a simple factor is of type A n , then the corresponding representation must be the r-th exterior power of the standard representation of SL n+1 for some r ≤ n. We now describe the abelian varieties we intend to study in this article. Definition 1.1. For an odd integer d and an integer r ≤ d − 1 prime to d, we say an abelian variety A over a field of characteristic zero is of type IV(1, d, ∧ r (Std)) if:
central division algebra over an imaginary quadratic field K, endowed with an involution * of the second kind.
• The Mumford-Tate group MT A = G D /µ r where D is the unique central division algebra over
• H 1 (A(C), C) is the sum of 2d copies of the r-the exterior power of the standard representation of SL d,C .
We note that a central division algebra over an imaginary quadratic field K is endowed with an involution of the second kind if and only if the corestriction
Abelian varieties over C satisfying the conditions in Definition 1.1 are constructed in [Orr15] for the case where d = 2r + 1. We provide a virtually identical construction in the appendix for the case where gcd(r, d) = 1. The existence of such abelian varieties over number fields then follows from the following theorem of Noot. 2) implies 18 = dim V l ≤ 6 · 2 rank G l −1 and hence, rank G l ≥ 3. So rank G l ≥ rank MT A = 3 and hence, the Mumford-Tate conjecture holds for A.
An important consequence of this is that away from a density zero set of places, the reduction A v is isogenous to the d-th power of a simple abelian variety. This follows from the following theorem of Zywina. Proposition 1.11. Let A be a simple abelian variety over a number field F such that the l-adic monodromy groups are connected. Let End 0 (A) be of dimension d 2 over its center E. Then, for all places v in a set of density one, the reduction A v is isogenous to the d-th power B d v of an abelian variety B v such that End 0 (B v ) is a product of matrix algebras over CM fields.
Proof. Let S be the set of places v of F such that: -A v has no supersingular abelian subvariety.
-v has local degree one over Q. The first condition holds for a density one set of primes by ([Pin04] , Proposition 1.6) and the second is a consequence of the Chebotarev density theorem. Thus, S has density one.
Let π be a zero of P Av (X) and let B π be the corresponding simple abelian variety. Since B π is not supersingular, it follows that the center Q(π) of End 0 (B π ) is a CM field. Furthermore, since k v is the prime field, End 0 (B π ) is commutative. Thus, End 0 (B π ) = Q(π).
Some preliminary results
In this section, we state and prove a few basic propositions that will be necessary in the subsequent sections. We begin with the following two facts about central simple algebras. Then there exists a field extension E 1 /E of degree p such that E 1 can be embedded in both A and C (see the next proposition). Since any element of E 1 \E does not commute with all of C, we have a contradiction. Proposition 2.3. Let K be a global or local field, p a rational prime and let C 1 , C 2 be central simple algebras over K such that p divides [C 1 : K] and [C 2 : K]. Then there exists a field extension L/K of degree p that can be embedded in both C 1 and C 2 .
Proof. We write C i = Mat n i (D i ), i = 1, 2 where the D i are central division algebras over K. If p|n 1 , then any extension of degree p may be embedded in C 1 . So any degree p extension L/K that has an embedding in C 2 satisfies the condition. So we may assume without loss of generality that p ∤ n 1 n 2 and hence, 
The density of ordinary reduction
In this section, we show that the abelian varieties of type IV(1, d, ∧ r (Std)) class have ordinary reduction at most places. We will draw heavily from the proof of ([Pin98], Theorem 7.1) which deals with the case where End(A) = Z and the l-adic monodromy groups are of type A.
Cocharacters
For an abelian variety A over a number field F = F conn A , let MT A be the Mumford-Tate group. Let v be a place such that rank Φ Av = rank A. We choose an element t v ∈ GL 2g (Q) with characteristic polynomial P Av (X), which we defined as the characteristic polynomial of ρ l (Fr v ) for any l = p := char(v). We denote by T v the Zariski closure of t v in GL 2g (Q).
The cocharacter group
When tensored with R, this yields a perfect R-valued pairing between the character space X * (T v ) ⊗ Z R and the cocharacter space X * (T v ) ⊗ Z R.
We note that unlike the p-adic monodromy group G p (A), the subgroup
Zar might not be reductive. In fact, in the case of ordinary reduction -which we expect to occur at a density one set of places -the group H v is solvable and hence, cannot be reductive unless it is a torus. However, if v is a place such that rank Φ Av = rank A, then there exists an element
In particular, H v is of the same rank as G p (A) for such places.
Definition 3.1. A strong Hodge cocharacter of T v is a cocharacter µ of T v such that there exists g v ∈ GL 2g (Q p ) such that g v µ is a Hodge cocharacter of H v . A weak Hodge cocharacter is a cocharacter of T v that is conjugate under GL 2g (Q) to a strong Hodge cocharacter.
For a prime p of K of local degree one over a Q, let ord p : Fp] , where F v is the residue field at v.
By [LP97] , the Frobenius tori T v for places v with rank Φ Av = rank A have the same rank and the same formal character. Hence, we may fix a split torus T 0 of GL 2g,Q and conjugate it into every G l,Q l . For every rational prime l, we choose and fix an element
We may assume that the torus f −1
There exists a cocharacter η 0,v of T 0 that is conjugate to the Newton cocharacter η v . Note that for every weight χ ∈ X * (T 0 ) that occurs in the representation V (A), we have χ, η 0,v ≤ 1.
The following theorem relates ordinary reduction to these orbits of the Hodge and Newton cocharacters coinciding. 
Mumford-Tate pairs
Consider a connected reductive group G over a field E of characteristic zero and faithful finite dimensional representation ρ.
Definition 3.4. The pair (G, ρ) is a weak Mumford-Tate pair if there exist cocharacters µ i : G m,E → G E such that: i. G E is generated by the images of all G(E)-conjugates of the µ i and ii. the weights of each ρ • µ i are in {0, 1}. The pair is a strong Mumford-Tate pair if these conditions hold and the cocharacters µ i are conjugate under Gal E .
We list a few examples that are particularly important for our purposes in this article. 
The groups W (G, T ) and Π(G, T ):
Let G be a reductive group over a perfect field E. Its maximal tori are all conjugate to each other over the algebraic closure E. Choose a maximal torus T of G. We have a homomorphism
We define Π(G, T ) to be the subgroup of Aut(X * (T )) generated by W (G, T ) and φ T (Gal E ). As abstract groups, W (G, T ) and Π(G, T ) are independent of T . We note that while W (G, T ) is insensitive to base change, the groups φ T (Gal E ) and Π(G, T ) are not.
Suppose we have a faithful representation ρ : G ֒→ GL(V ) for some finite dimensional vectors space V over E. We denote by Ω(V ) ⊆ X * (T ) the set of weights of V . We have a decomposition
and hence, for every t ∈ T (E), we have
where m χ := dim V (χ) is the multiplicity of χ.
We are primarily concerned with the case where the reductive group G is the Mumford-Tate group of an abelian variety A of type IV(1, d, ∧ r (Std)) with D := End 0 (A) a central division algebra over an imaginary quadratic field K. Let D be the unique central division algebra over 
). Since P = P, the proposition follows.
Proposition 3.4. Let d be an odd integer. Let D be a d 2 -dimensional central division algebra over an imaginary quadratic field K. There exists infinitely many cyclic extensions E/Q of degree d such that:
iii. EK has an embedding in D Proof. Note that any cyclic extension of odd degree over Q is totally real and hence, its compositum with K is a CM field cyclic over Q.
Let p 1 , · · · , p r be the primes of K that D is ramified at and let p 1 , · · · , p r be the rational primes they lie over. There are infinitely many cyclic extensions E/Q of degree d such that p 1 , · · · , p r are inert in E/Q [Th16, Lemma 6.2]. Since these extensions are Galois over Q and d is an odd integer, any such extension E is linearly disjoint from K. This ensures that EK/K is cyclic of degree d. Furthermore, the primes p 1 , · · · , p r are inert in EK/K since p 1 , · · · , p r are inert in E/Q. So [D] ∈ Br(EK/K) and hence, EK has an embedding in D.
Since there exists a cyclic extension L/Q of degree 2d that contains K and splits the division algebra D (by Proposition 3.5), it follows that φ T (Gal Q ) is cyclic of order 2d and
As noted earlier, these abelian varieties fulfill the Mumford-Tate conjecture. So [Zyw14] implies that away from a density zero set of places, Gal(Q(W Av )/Q) = Π(MT A , T). The fixed field of the Weyl group is K. Choose a prime l that splits (completely) in K/Q. Let l 1 , l 2 be the primes of K lying over l.
The variety Conj
We define A to be the group of automorphisms τ of the group G E such that: • τ is the identity on the center of G E .
• Every simple factor is stable under τ .
• The restriction of τ to any simple factor H agrees with conjugation by some element of H.
Let R G be the affine coordinate ring of G. This is an E-algebra and the group A acts on R G by composition. We define R A G to be the E-subalgebra of elements fixed by A. Furthermore, we define Conj
. This is a universal categorical quotient and is a E-form of the quotient T E /W (G, T ) for any maximal torus T .
In this article, we are primarily concerned with the case where G is either the Mumford-Tate group MT A of an abelian variety or the connected component G 0 l (A) of the l-adic monodromy group.
The set S A
We choose a rational prime l that that splits in K/Q and is prime to the discriminant of D (and hence, prime to the discriminant of D). We have the decomposition
where Ω i is the set of weights on V l i (A) . Furthermore, the Weyl group acts transitively on each Ω i and Π(G l ) acts transitively on Ω.
For every χ ∈ Ω 1 , we have 0 ≤ χ, η 0,v ≤ 1. For all places v ∈ Σ F such that rank Φ Av = rank A, we define a v,j := Tr ρ l j (h
We first show that this element lies in K.
Proposition 3.6. The algebraic numbers a v,j lie in K.
Proof. The elements χ(h −1 v t v h v ) lie in the multiplicative group Φ Av generated by W Av and hence, the sum a v,j lies in Q(W Av ). Since the set Ω j is stable under the action of the Weyl group, it follows that a v,j lies in the subfield of Q(W Av ) fixed by the Weyl group W (MT A ) ∼ = S d . But as noted earlier, the fixed field of the Weyl group is K. Hence, a v,j ∈ K.
Corollary 3.7. The image of the map
We have τ (t v ) ∈ K for all {v : rank Φ Av = rank A}. Since the elements {t v : rank Φ Av = rank A} generate a dense subgroup of T 0 , this corollary follows.
For an abelian variety A of type IV(1, d, ∧ r (Std)), we define the set S A as the set of places v of F such that: 1. v has local degree one over Q. 2. The group Φ Av generated by W Av is of full rank.
The general idea is to show that S A has Dirichlet density one and that each place v ∈ S A is a place of ordinary reduction. To this end, we will need the following two lemmas.
Lemma 3.8. For any constant C, the set {β ∈ O K : Nm K/Q (α) ≤ C} is finite.
Proof. Clearly, for any β ∈ O K , the norm Nm K/Q (β) ∈ Z. So suffices to show that the set {β ∈ O K : Nm K/Q (β) = N } is finite for any integer N ≤ C.
For any integer N ≤ C, if N = Nm K/Q (β), then β generates some ideal I in O K dividing (N ). Clearly, there are finitely many such ideals. For any such ideal I, if
β is a unit in O K . But since K is an imaginary quadratic field, any unit of O K is a root of unity of order dividing 6. This complete the proof.
Lemma 3.9. For any v ∈ S A , there exist weights χ 1 , χ 2 ∈ Ω j such that χ 1 χ −1 2 , η 0,v = −1.
Proof. We show this for Ω 1 . The proof for Ω 2 is identical.
First, we note that K ⊆ F since all the endomorphisms of A are defined over F conn A . Since p := char(v) splits completely in F , it is clear that p splits in K/Q. Let p be a prime of K lying over p and let ord p be a valuation extending ord p .
Let χ ∈ Ω 1 be any weight that occurs in the absolutely irreducible representation V 1 . The algebraic number χ(h −1 v t v h v ) is a unit at all primes not above p and the archimedean norms are all equal to √ p. Hence, any quotient
is a unit away from p and the archimedean norms are all equal to 1. Hence, a v,1 is an element of K with norm Nm K/Q (a v,1 ) ≤ p Ω 1 2 and is integral away from p. Since a v,1 / ∈ O K , it follows that ord p (Nm K/Q (a v,1 )) ≤ −1. So there exists a prime p of K lying over p such that ord p (Nm K/Q (a v,1 )) ≤ −1 and hence, either ord p (a v,1 ) ≤ −1 or ord p (a v,1 ) ≤ −1.
We may assume without loss of generality that ord p (a v,1 ) ≤ −1. Hence, there exist two weights χ 1 , χ 2 ∈ Ω 1 such that
On the other hand, we have
which forces equality. Proof. The set of places of F with local degree one over Q has density one by the Chebotarev density theorem. By [LP97] , the set of places such that the inequality rank Φ Av = rank A = d has density one. So it suffices to show that the set {v ∈ Σ F : Nm K/Q (a v,j ) / ∈ pZ} has density one. Fix a rational prime l that splits in K/Q. Let l be a place of K lying over l.
l G l f l ) be the affine Q l -variety of semisimple conjugacy classes, which is a Q l -form of the quotient
We define
where g ss is the semisimplification of g. This yields a dominant morphism
of affine varieties when base changed to the algebraic closure Q l . Furthermore, the morphism
factors through T 0 /W since Ω 1 is stable under the action of the Weyl group. So we may form the compositions
Since the representation V j is absolutely irreducible, the linear independence of characters implies that ψ j is non-constant. We define the sets
and X l := X l,1 ∪ X l,2 . As seen in the preceding lemma, this allows for only finitely many values for ψ(g) and hence, X l is a nowhere dense Zariski subset of G l . Now, let v be a place of F such that:
Let µ j be the Haar measure on ρ l j (Gal F ) with total volume one. Then vol µ (U ) −→ 0 as U runs through a cofinal system of open compact neighborhoods of Y l j . From the Chebotarev density theorem, it follows that each Y l j and hence, Y l := Y l 1 ∪ Y l 2 have volume zero. This completes the proof.
Theorem 3.11. Let A be an abelian variety of type IV(1, d, ∧ r (Std)) over a number field F such that F = F conn A . Then A has ordinary reduction at a set of places of density one.
Proof. Since S A has Dirichlet density one, it suffices to show that every place v ∈ S A is a place of ordinary reduction. Let v ∈ S A and let η 0,v be the Newton cocharacter. We choose an element t v with characteristic polynomial P Av (X) and let T v be its Zariski closure in GL 2g (Q).
We take a strong Hodge cocharacter of T v and conjugate it via h v into a cocharacter µ 0,v of T v . By ([Pin98] , Theorem 3.15), the cocharacter η 0,v lies in the convex closure of the orbit of µ 0,v under the Weyl group. Let X * (T 0 ) ⊗ Z R = X 0 ⊕ X 1 be a decomposition of the cocharacter space with X 0 belonging to the central part. Since η 0,v ∈ X * (T 0 ) ⊗ Z R, we may write η 0,v = (η 0 , η 1 ) with η i ∈ X i , i = 0, 1. By the convex closure theorem, η 0 = µ 0 and η 1 lies in the convex closure of the W l -orbit of µ 1 .
We may identify the set Ω 1 of weights with a subset of R d whose linear span is
and the characters χ 1 , χ 2 are mapped to e 1 , e 2 . So the character space X * (T v ) ⊗ Z R is the subspace
and the cocharacter space X * (T v )⊗ Z R may be identified with the quotient space
We denote the elements of the cocharacter space by [ 4 Splitting of reductions of type IV(1, 3, Std)
In this section, we study the possible splitting types of the reduction of an abelian variety of type IV(1, 3, Std). Since these abelian varieties fulfill the Mumford-Tate conjecture, [Zyw14] implies that their reductions are third powers of simple three-folds away from a set of Dirichlet density zero. We study the types of splitting at these exceptional set of density zero which might be an infinite set.
The following is a well known fact about the reductions of simple abelian varieties. We provide a proof for the reader's convenience. A consequence of [Zyw14] is that an abelian variety of type IV(1, 3, Std) has reduction isogenous to the third power of a simple three-fold away from a set of density zero. But the reductions might exhibit different behavior at this density zero (but possibly infinite) set of places.
Note that Gal Q acts transitively on Ω and hence, acts on Ω through a transitive subgroup of S d × S 2 . In particular, if d is a prime, the projection of the image to S d contains a d-cycle σ d . By the Chebotarev density theorem, there exist infinitely many primes l such that σ d ∈ Gal Q l .
Consider the Gal Q -equivariant map ev :
We may assume without loss of generality that the d-cycle is (1 2 · · · d).
The set of sublattices of Z d−1 invariant under this cycle is in bijection with the ideals of Z[X]/(
and hence, the only possibilities for ker(ev) are the following:
In the first case, the eigenvalues of the Frobenius are distinct. In the second case, all the eigenvalues are equal to √ q and hence, the reduction is supersingular. In the third case, there are precisely two distinct eigenvalues and hence, the reduction is of type IV(1, d) .
For the rest of this section, let A be an abelian variety of type IV(1, 3, Std) over a number field F . Let v be a place of good reduction such that p = char(v) does not divide the discriminant of D := End 0 (A).
Replacing F by a suitable finite extension if necessary, we may assume the following: -the size q of the residue field is a square.
-the l-adic monodromy groups are connected. -the group Φ Av ⊆ Q * is torsion-free.
Proposition 4.2.
A v is isogenous to the third power B 3 v of an abelian variety B v over F v . Proof. We show that for any simple component B, the maximum power of B in the simple decomposition of A v is a multiple of 3.
The polynomial P Av (X) is the third power f Av (X) 3 for some polynomial f Av ∈ Z[X]. Passing to a suitable finite extension if necessary, we may assume the Weil numbers corresponding to supersingular components are rational. So the largest integer t such that (X − q) t |P Av (X) is a multiple of 3 and hence, the supersingular part of A v has dimension divisible by 3.
Let π / ∈ Q be a zero of f Av and let B t π be the corresponding iso-simple abelian subvariety of A v . Since B π is not supersingular, the field Q(π) is a CM field. Suppose, by way of contradiction, that t ∤ 3. Then 3 divides [D π : Q(π)]. Thus, we have the following possibilities:
Note that in all three cases, K ֒→ D ֒→ D π and if K
In case (i), the dimensions of D and D π coincide and hence, the embedding D ֒→ D π is an isomorphism. But this is not possible unless D is ramified only at the places of K lying over p.
In case (ii), D and D π are central over the same field K = Q(π) and hence, Corollary 2.2 yields a contradiction.
In case (iii), D ⊗ K Q(π) ֒→ D π and since the dimensions coincide, D ⊗ K Q(π) ∼ = D π . Since D is split at the places of K lying over p, it follows that D π is split at the places of Q(π) lying over p. This is a contradiction, since [D π ] = 0 in Br(Q(π)).
Proposition 4.3. The reduction A v does not have an ordinary elliptic curve as an abelian subvariety. Proof. Suppose A v has an ordinary elliptic curve E as a simple component and let t be the multiplicity with which it occurs. The endomorphism algebra K 1 := End 0 (E) is an imaginary quadratic field. We have the injection D ֒→ Mat t (K 1 ) and hence, 3 divides t. Furthermore, D and Mat t (K 1 ) are of the same dimension and hence, t = 6 or 9.
Let π i , π i (i = 1, 2, 3) be the zeros of f Av and set α i = π i √ q . We may order the π i so that α 1 α 2 = α 3 . Since one of the corresponding elliptic curves occurs with multiplicity ≥ 6 in the simple decomposition of A v , we may assume α 1 = α 2 . So α 2 1 = α 1 and since Φ Av is torsion-free, it follows that α 1 = α 2 = α 3 = 1. So A v is supersingular, a contradiction. Proof. Suppose A v has the supersingular elliptic curve E as a simple component and let t be the multiplicity with which it occurs. Then t = 3 or 6 and we have the injection D ֒→ Mat t (Q p,∞ ) where Q p,∞ is the unique quaternion algebra over Q ramified only at p and ∞.
We have the surjective homomorphism X * (T l ) −→ W Av that maps the set of weights on to W Av . Let π i , π i (i = 1, 2, 3) be the zeros of f Av . We may order the π i so that π 1 π 2 = π 3 √ q. So, if π 1 = π 2 = √ q, then π 3 = √ q as well. Hence, the supersingular part of A v is not of dimension 5 Newton Polygons of type IV(1, 3, Std) Notation: For a Weil q-integer π (up to conjugacy) we denote the corresponding simple abelian variety (up to isogeny) over F q by B π . We denote the endomorphism algebra End(B π ) by D π . This is a division algebra central over Q(π) since B π is simple. Furthermore, the Hasse invariants of D π are given by
The Newton slopes of B π are given by
w(q) where w runs through the places lying over p. As before, W Bπ is the set of conjugates of π over Q and Φ Bπ ⊆ Q * is the group generated by W Bπ .
Note that a base change of B π to the degree N extension F q N has the effect of replacing It is well-known that the Newton polygon of an abelian variety over a finite field is admissible. Conversely, every admissible polygon occurs as the Newton polygon of an abelian variety over the algebraic closure of the finite field. Using the results obtained in the preceding section, we now determine the possible polygons at the places of good reduction. Fix a maximal torus T in G der l . Because of the additive relations between the weights of T on the representation V l , we may order the α i so that α 1 α 2 = α 3 . So ν(π 3 ) = ν(π 1 ) + ν(π 2 ) − 1 2 and one can see that the Newton polygon is not 0, 4 × 1 2 , 1.
We will see that all of these Newton polygons occur for this class of abelian varieties. The idea is to construct special points on the Shimura variety such that the corresponding CM abelian varieties possess such Newton polygons at some places of good reduction. We then show that there exist generic points with reductions isogenous to those of the special points. (ii) The least common denominator of the Newton slopes is d.
Remark In particular, this condition is fulfilled when the center Q(π) of End 0 (B π ) is an abelian extension over Q. Proof. Because of the preceding lemma, it suffices to show that p splits completely in Q(π)/Q. Let p be a prime of Q(W Bπ ) lying over p. We may assume without loss of generality that p does not split completely in Q(W Bπ ) and hence, the decomposition group of any prime lying over p is non-trivial.
Choose a non-trivial element τ in the decomposition group D p . Since π and its conjugates generate Q(W Bπ ), τ cannot fix every conjugate of π. So we may assume without loss of generality that τ (π) = π. Furthermore, the hypothesis implies that D p is normal. So τ lies in the decomposition group of every prime of Q(W Av ) lying over p and hence, τ preserves the ideal (π) in Q(W Bπ ). So the algebraic number
π has the valuation 0 under every non-archimedean valuation and hence, must be a root of unity. Write τ (π) = ζ N π. Then the characteristic polynomial of B × Fq F q N has the zero π N with multiplicity ≥ 2, a contradiction since A v is absolutely simple. So p splits completely in Q(W Bπ )/Q. Proposition 5.4. Let K be an imaginary quadratic field, L + a cubic field Galois over Q and L = L + K. Let {φ 1 , φ 2 , φ 3 } be a CM type for L. An abelian variety X with CM type (L, {φ 1 , φ 2 , φ 3 }) has the following possibilities for the Newton polygon at a place v:
Proof. Basic complex multiplication.
Note that in the case of non-ordinary reduction, lemma 5.3 implies that End
= 2 3 and is unramified everywhere else. In particular, the reduction X v is a simple three-fold with p-rank zero. 
Existence results
Let A be an abelian variety of type IV(1, d, ∧ r (Std)). The reductive group MT A yields a Shimura variety of PEL type. For the existence of abelian varieties with the reductions described in the preceding section, we use the existence of special points where the abelian variety has such reductions and apply Proposition 6.2. Proposition 6.1. Let A be an abelian variety of type IV(1, d, ∧ r (Std)). The Shimura variety (MT A , X) has reflex field K. Definition 6.1. For a Shimura variety (G, X) of Hodge type, we say a point x is generic if the Mumford-Tate group of x is the same as that of X and special if the Mumford-Tate group is a torus. Let A be an abelian variety of type IV(1, 3, Std) with endomorphism algebra D. For brevity, we write G = MT A = D Nm=1 . Let Γ ∞ ⊆ G(R) be the centralizer of h : S −→ G R . Then for any sufficiently small torsion-free compact subgroup Γ ⊆ G der (Q), we may form the connected Shimura variety M C (C) = Γ\G(R) 0 /Γ 0 ∞ . This is the set of C-valued points of a quasi-projective C-scheme and is a connected component of a moduli space for a class of abelian varieties over C. Replacing Γ by a smaller subgroup if necessary, we may assume that M C is smooth and there exists a universal polarized abelian scheme X C −→ M C .
Let x be a special point on this Shimura variety, meaning that the associated map h : S −→ G R factors through a maximal torus T x ⊆ G. By Let L + be the maximal real subfield of L and let L, L + be the Galois closures of L, L + over Q.
By the last proposition, M C has a quasi-canonical model M over E(G, X) = K. Enlarging E(G, X) if necessary, we may assume the abelian scheme X C descends to an abelian scheme X /M . Proposition 6.2. Let A be an abelian variety of type IV(1, 3, Std). Let (G, X, h) be a Shimura variety with generic Mumford-Tate group G = MT A . Let p be a prime of a field F contaning the reflex field K. Let x ∈ X(F ) be a special point corresponding to an abelian variety A(x) with CM. Then there exists a finite extension F ′ /F , a prime p ′ lying over p and a generic point y ∈ X(F ′ ) corresponding to an abelian variety A(y) such that A(x) and A(y) have isogenous reductions at p ′ .
Proof. Enlarging the field if necessary, we may assume X has good reduction at v. Let O v be the localization of O F at v. We may replace the compact subgroup C ⊆ G(A f ) by a compact subgroup so that it defines a level structure that is prime to p := char(v) and such that there exists a finite map M −→ A 9 where A 9 is a fine moduli scheme of 9-dimensional abelian schemes with level structure prime to p. We replace M by the absolutely irreducible component containing , Proposition 1.7) that there is a thin subset S ⊆ A 1 (F ) such that each y F ∈ A 1 (F )\S corresponds to an abelian variety with Mumford-Tate group G. Since F is Hilbertian, it follows that there exist infinitely many points y ′ ∈ A 1 (O F ) with y ′ kv = π(x) kv and y ′ F / ∈ S.
r-th power is φ ′ . So (G/µ r , ρ, φ) defines a Q-Hodge structure of type {(−1, 0), (0, −1)} and the Hermitian form induces a polarization of the Hodge structure. An abelian variety X over C in the corresponding isogeny class has Mumford-Tate group G/µ r , endomorphism algebra D and dimension d d r . We may then choose a Q-valued generic point on the Shimura variety attached to MT X . This will correspond to an abelian variety over Q that fulfills the conditions of Definition 1.1.
